The Doob scheme D(m, n + n ) is a metric association scheme defined on E m 4 × F n 4 × Z n 4 , where E4 = GR(4 2 ) or, alternatively, on Z 2m 4 × Z 2n 2 × Z n 4 . We prove the MacWilliams identities connecting the weight distributions of a linear or additive code and its dual. In particular, for each case, we determine the dual scheme, on the same set but with different metric, such that the weight distribution of an additive code C in the Doob scheme D(m, n + n ) is related by the MacWilliams identities with the weight distribution of the dual code C ⊥ in the dual scheme. We note that in the case of a linear code C in E m 4 × F n 4 , the weight distributions of C and C ⊥ in the same scheme are also connected.
I. INTRODUCTION
The codes in Doob graphs are special cases of codes over Eisenstein-Jacobi integers, see, e.g., [4] , [7] , which can be used for the information transmission in the channels with two-dimensional or complex-valued modulation. The vertices of a Doob graph can be considered as words in the mixed alphabet consisting of the elements of the quotient (modulo 4 and modulo 2) rings of the ring of Eisenstein-Jacobi integers, see, e.g., [6] . In contrast to the cases considered in [4] , [7] , 4 is not a prime number, and the quotient ring is not a field. This fact is not a problem from the point of view of the modern coding theory, which has a rich set of algebraic and combinatorial tools to deal with rings, see, e.g., [8] ; moreover, studying codes in the Doob graphs is additionally motivated by the application of association schemes in coding theory [3] : the algebraic parameters of the schemes associated with these graphs are the same as for the quaternary Hamming scheme (this fact can be also treated from the point of view of the corresponding distance-regular graphs).
In this correspondence, we establish the MacWilliams identities for additive and linear codes in Doob graphs. In particular, for each standard inner product, we determine the Delsarte dual to the Doob graph, and suggest inner products such that the Delsarte dual coincides with the original Doob graph.
A. Linear codes and duality Let i be a square root of −1, let ω := −1 + i √ 3 2 be a primitive cube root of 1, and for any complex number x = a + bi ∈ C, a, b ∈ R, letx denote its conjugate,x := a − bi. The numbers of form a + bω, a, b ∈ Z This work was funded by the Russian Science Foundation under grant 18-11-00136 are known as the Eisenstein-Jacobi integers. Endowed with the complex addition and multiplication, they form a subring of C, which will be denoted by E.
By E p , p ∈ E, we denote the factor ring E/pE; we are interested in E 2 , which is the finite field F 4 of order 4, and E 4 , which is the Galois ring GR(4 2 ). The set of tuples from the Cartesian product V m,n := E m 4 × F n 4 of m copies of E 4 and n copies of F 4 with the component-wise addition and multiplication by a constant (modulo 4 in the first m positions, modulo 2 in the last n positions) forms a module over E 4 .
In E 4 , we consider the set of powers of −ω and call it Ω:
It forms a multiplicative subgroup of E 4 , and E 4 is partitioned into the multiplicative cosets 0Ω, Ω, 2Ω, and ψΩ, where
Any nonempty subset of V m,n closed under addition and multiplication by a constant is called a linear code or a linear F 4 E 4 code. So, the linear codes correspond to the submodules of V m,n .
Any nonempty subset of V m,n closed under addition is called an additive code or an additive F 4 E 4 code.
For x = (x 1 , . . . , x k ) and y = (y 1 , . . . , y k ) from E k 4 or F k 4 , the standard inner product x, y is defined as usual:
For x = (x * , x ) and y = (y * , y ), where x * , y * ∈ E m 4 , m > 0, and x , y ∈ F n 4 , the inner product is defined as x, y := x * , y * + 2 · x , y ,
where 2· is the group homomorphism z + 2E → 2z + 4E from F + 4 to E + 4 . Two vectors x and y are said to be orthogonal if x, y = 0. For a linear code C in V m,n , its dual, denoted C ⊥ , is defined as the set of all vectors from V m,n that are orthogonal to every vector from C. The dual C ⊥ is also a linear code and one has C ⊥⊥ = C and |C| · |C ⊥ | = |V m,n |.
B. Additive codes and duality
For codes over finite fields, there is a standard technique to extend the concept of duality from the linear codes to the additive codes, below, we describe the approach in application to the ring E 4 . The module V m,n over E 4 can also be viewed as a module over the subring Z 4 of E 4 . Given an inner product ·, · and a surjective Z 4 -linear map L from E 4 onto Z 4 , we define the associated Z 4 -inner product [·, ·] L as [·, ·] L := L( ·, · ).
Two vectors x and y are said to be L-orthogonal if [x, y] L = 0. Given an additive code C in V m,n , its L-dual is defined as the set of all vectors from V m,n that are L-orthogonal to every vector from C. The following known and easy fact shows that the L-duality is an extension of the duality to the additive codes. Proposition 1: For every surjective Z 4 -linear map L from E 4 onto Z 4 , two linear codes are L-dual if and only if they are dual.
Proof: Let C be a linear code. Obviously, the orthogonality of two vectors implies their L-orthogonality. So, any vector from C ⊥ also belongs to the L-dual of C. Let us consider a vector v from the L-dual. By the definition,
Since C is linear,
Seeking a contradiction, assume that b :
There should be a such that ab = d or ab = 2d. For this a, we have L(a v, x ) ∈ {1, 2}, contradicting (3). Hence, for all x from C we have v, x = 0, and v belongs to C ⊥ . A standard linear map from E 4 to Z 4 (as well as from a finite field to its prime-order subfield) used for different purposed is the trace Tr:
(In general, for an arbitrary Galois ring, Tr(z) := σ(z), where the sum is over all automorphisms σ of the ring.) Below, for brevity, the Tr-duality will be referred to as duality (by Proposition 1, it is in agree with the duality of linear codes), and the Tr-inner product [·, ·] Tr will be denoted as [·, ·]. The notation C ⊥ is also extended to the additive codes C.
C. Extending the concept of additive codes
We can further extend the definition of the additive codes, the concept of duality, and the corresponding notation to the codes in V m,n ,n :
by defining the following Z 4 -inner product:
Here and below, for any vector z from V m,n ,n , the notations z * , z , and z denote the E 4 -, F 4 -, and Z 4 -parts of z, respectively; z * i , z i , and z i refer to the i-th coordinate of z * , z , or z , respectively. I.e., z = (z * , z , z ) = (z * 1 , . . . , z * m , z 1 , . . . , z n , z 1 , . . . , z n ). The motivation for this extension lies in the extended possibility to construct codes with different parameters in the same metric space (as we will see in the next subsection, the coordinates from the last two groups are metrically equivalent in the considered scheme). Examples of exploiting this possibility can be found in the construction of additive 1-perfect codes [9] .
D. The Doob metric
We define two weight function on V m,n ,n :
called the weight and the coweight of x, where
Naturally, the weight function wt defines the distance
and the distance-1 graph D(m, n + n ) on V m,n ,n , where two vectors are adjacent if and only if they are at distance 1. If m > 0, then D(m, n) is called a Doob graph (the case m = 0 corresponds to the quaternary Hamming graph H(n, 4)). The graph D(m, n + n ) is the Cartesian product of m copies the Shrikhande graph D(1, 0)
and n + n copies of the complete graph of order 4 (with the vertex set F 4 or Z 4 ). It is a distance-regular graph, and the corresponding metric induces an association scheme, a Doob scheme. From the metrical point of view, there is no difference between the n = n +n last coordinates; there are isometries of the metric space that permute these coordinates in an arbitrary manner. The difference between these two groups becomes important only when we consider the additive structure, for example, when constructing additive codes.
In a similar way, wt defines another graph on V m,n ,n , say D(m, n + n ). It is isomorphic to D(m, n + n ) (an isomorphism is given by multiplying the first m coordinates of the vectors by ψ). From the theory below, one can see that the graphs D(m, n + n ) and D(m, n + n ) are Delsarte dual to each other. 
III. MACWILLIAMS IDENTITIES
For any complex-valued function f on V m,n ,n , define its Fourier transform f : V m,n ,n → C:
Lemma 1: Let C be an additive code in V m,n ,n , and let C ⊥ be its dual. Then for every complex-valued function f on V m,n ,n ,
Consider the function
The sum of f over some code C will be denoted by 
From the definitions of f and the Fourier transform, we find
After expressing (5), we get
We now identify the variables to get W C ⊥ (A, B) in the left side of (8) . Straightforward calculations using the character table (Fig. 1) show that Also, directly,
Now, one can see that identifying the variables as in (7) results in the first formula in the following theorem; the second formula is similar. Theorem 1: Let C be an additive code in E m 4 × F n 4 × Z n 4 . The Doob weight and coweight enumerators (6) of C and its dual C ⊥ are connected by the MacWilliams identities
Finally we note that in the case n = 0, each vector x from V m,n ,n satisfies wt(x) = wt(ψx). On the other hand, for a linear code C, x ∈ C is equivalent to ψx ∈ C. Hence, W C (A, B) = W C (A, B) for linear codes, which is not true for additive codes in general. We conclude: Theorem 2: Let C be a linear code in E m 4 × F n 4 . The Doob weight enumerators (6) of C and its dual C ⊥ satisfy
For additive codes in general, the claim of Theorem 2 is not always true. For example, the additive codes C = {0, 2, 2ω, 2ω} and D = {0, ψ, 2ψ, −ψ} have the same weight enumerator A 2 + 3B 2 , but their duals C ⊥ = {0, 2, 2ω, 2ω} and D ⊥ = {0, ω, 2ω, −ω} have different weight enumerators A 2 + 3B 2 and A 2 + 2AB + B 2 (but the same coweight enumerator A 2 + 3B 2 ). However, we can modify the inner product, replacing Tr by another function, to make the weight distributions of an additive code C and its dual (in the sense of the modified inner product) be connected my the MacWilliams identity.
Theorem 3: Let C be an additive code in E m 4 × F n 4 × Z n 4 . If C ⊥ is the dual of C in the sense of the Z 4 -inner product (or, in general, for any other ring admitting an automorphisms y →ȳ of order 2), see e.g. [2] . We note that the theory above remains valid if we replace the standard inner product ·, · (1) by ·, · Herm . Indeed, obviously, the conjugancy does not change the weight; so, the dual code C ⊥ and the Hermitian dual C ⊥ have the same weight (or coweight) distribution.
As was mentioned above, E m 4 ×F n 4 ×Z n 4 can be considered as a Z 4 -module, and in this sense it is isomorphic to the structure Z 2m 4 × Z 2n 2 × Z n 4 , consisting of (2m + 2n + n )tuples with the first 2m and the last n elements from Z 4 and the "middle" 2n elements from Z 2 . From this point of view, one can find convenient to consider the Doob scheme directly on Z 2m 4 × Z 2n 2 × Z n 4 and consider the duality in a usual manner, as for Z 2 Z 4 -codes (see e.g. [1] ).
For convenience, we treat the elements of (Z 2 4 ) m ×(Z 2 2 ) n × Z n 4 as (m + n + n )-tuples, where the first m elements are pairs (we write like a:b, omitting ":" between numbers, e.g. 21 = 2:1) from Z 2 4 , the next n elements are pairs from Z 2 2 , and the last n elements are from Z 4 . For vectors
x := (x 1 :y 1 , . . . , x m :y m , x 1 :y 1 , . . . , x n :y n , x 1 , . . . , x n ), u := (u 1 :v 1 , . . . , u m :v m , u 1 :v 1 , . . . , u n :v n , u 1 , . . . , u n ), In the notation presented in the current section, the weight and coweight enumerators are defined as before (6) . Moreover, the MacWilliams identities are also written as previously (10), (11), in the new notation.
Theorem 4: Let C be an additive code in (Z 2 4 ) m × (Z 2 2 ) n 4 × Z n 4 with the weight (coweight) functions (13). The Doob weight and coweight enumerators (6) of C and its dual C ⊥ are connected by the MacWilliams identities
The technique to prove Theorem 4 is similar to that in the previous section. To check the identity
an analog of (9), the character table (Fig. 2) is useful.
Again, to make the weight distribution of an additive code and its dual connected in the same metric, we can modify the duality by modifying the inner product. χ 30 : V. CONCLUSIONS
1.
We conclude that to connect the weight distributions of an additive code and its dual in a Doob scheme by the MacWilliams identities, one should consider their weights in different (but isomorphic) Doob metrics. An alternative approach is to consider the weights in the same metric, but to treat duality in a modified way, with a special inner product, see Theorems 3 and 5. The last way can be recommended if a code is defined by a check matrix which is treated as a generator matrix of the dual code.
2. It [5] , [6] , and [9] , classes of linear and additive 1-perfect codes in Doob graphs were constructed. By Theorem 2, the code generated by a check matrix of a linear 1-perfect code in D(m, n) has the parameters of the code dual to the linear 1-perfect quaternary Hamming code of length 2m + n (the dual code is a simplex code, or a tight 2-design, see e.g. [5] ). According to Theorem 5, to get a generator matrix of a tight 2design from a check matrix of an additive (over Z 4 ) 1-perfect code in a Doob graph D(m, n + n ), one should multiply by −1 the first m columns of the matrix with even numbers.
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